where the supremum is taken over all components k of ∂C (p, r) and diam( k , C(p, (3/4)r)) is the diameter of k calculated with respect to the intrinsic distance of C (p, (3/4)r). Here, we show the following theorem. The idea of this paper is to start with a cylinder over a lemon (that is, a spherical suspension over a small 2-sphere). We replace some cylindrical sectors by spherical sectors such that locally it looks like a singular 4-sphere. We then remove a ball centered on the singular set and glue in a CP 2 with a point removed via the following metric of Perelman [P].
r , (0.1) where the supremum is taken over all components k of ∂C (p, r) and diam( k , C(p, (3/4)r) ) is the diameter of k calculated with respect to the intrinsic distance of C(p, (3/4)r) . Here, we show the following theorem. This result can be generalized to any dimension greater than 5 by taking products with any compact manifold of positive Ricci curvature. If we take a product with a circle, we get a 5-dimensional example satisfying (0.4) and (0.5) but whose Ricci curvature is nonnegative. Theorem 0.2 is the first example of a manifold satisfying (0.3), (0.4), and (0.5). Previously, J. Sha and D. G. Yang [ShYg] constructed manifolds satisfying (0.3) and (0.4); see also the examples of M. T. Anderson [An] . Examples with Ricci-flat Kähler metrics were later given by Anderson, Kronheimer, and LeBrun [AnKL] . All these examples are collapsing, namely, lim r→0 r −n Vol(B r (p)) = 0. Among them, the smallest diameter growth is due to [ShYg] and is equivalent to r 2/3 . More recently, G. Perelman [P] constructed 4-dimensional compact manifolds with positive Ricci curvature, large volume, and large Betti numbers. We used these constructions in [M2] to give examples of manifolds with (0.3), (0.4), and Euclidean volume growth.
In contrast to the examples of Sha and Yang, the sectional curvature of our example in Theorem 0.2 is not bounded from below. Indeed, according to a result of Abresch and Gromoll [AG] , an n-dimensional manifold with nonnegative Ricci curvature, sectional curvature bounded from below, and diameter growth smaller than r 1/n has finite topological type. Note also that in dimensions 2 and 3 any complete manifold satisfying (0.3) is diffeomorphic to Euclidean space. This follows from the work of S. Cohn-Vossen [C] and of R. Schoen and S. T. Yau [SY] , respectively.
The idea of this paper is to start with a cylinder over a lemon (that is, a spherical suspension over a small 2-sphere). We replace some cylindrical sectors by spherical sectors such that locally it looks like a singular 4-sphere. We then remove a ball centered on the singular set and glue in a CP 2 with a point removed via the following metric of Perelman [P] .
Let (S n , g) be a rotationally symmetric metric with sectional curvature greater than 1 on the n-sphere. That is, g = dt 2 + B 2 (t)dσ 2 n−1 , where dσ 2 n−1 is the metric of the unit (n − 1)-sphere. We denote by [0, πr 0 ] the range of t and denote by R 0 the maximal value of B(t) on [0, πr 0 ]. For any given ρ > 0 with
there exists a metric of positive Ricci curvature on S n × [0, 1] with the following properties:
• S n × {0} is isometric to a round sphere of radius ρ/λ;
• the principal curvatures of S n × {0} are greater than −λ;
• S n × {1} is isometric to (S n , g) and its principal curvatures are greater than 1. We refer to a metric of this form as a neck of Perelman. In our construction, we look for removing balls B r i (o i ) and gluing in a rescaled neck of Perelman. That is why we make the following definition.
Definition 0.7. Let N n be a compact hypersurface in M n+1 . We denote by II its second fundamental form, SN n its unit tangent bundle, and K N its intrinsic curvature. We say that N n satisfies Perelman's property if for all x ∈ N and all linearly independent X, Y in S x N n ,
It is also possible to construct a metric with positive Ricci curvature and convex boundary on CP n with a point removed (see [P] for details). Therefore, if the boundary of a ball in M n+1 has a rotationally symmetric metric and satisfies Perelman's property, we can rescale it by the inverse of the maximum of the principal curvatures, use a neck of Perelman if R 0 (which appears in the definition of the neck) is sufficiently small, and glue in a CP n . What is important is that the gluing has positive Ricci curvature, thanks to the neck of Perelman. See [M2] for another construction using a neck of Perelman. Note that in higher even dimension, we can modify slightly the construction of Theorem 0.2 and glue in CP n 's instead of CP 2 's.
The main point of this paper then is to smooth the metric near the singular set and check Perelman's property for some balls B r i (o i ). From C. Sormani [So] we know that the annuli B r+1 (p) \ B r (p) are converging to cylinders (see also [ChCo] for almost rigidity results in the case of almost maximal volume). Therefore, our glued-in CP 2 's have to be smaller and smaller. If we apply the stability theorem of T. H. Colding [Co1] , we know that at least one cross section of the cylinders has to be a singular space, and in our case the singular cross section looks like a lemon. See also [Co2] for background and general results about manifolds with lower-bounded Ricci curvature.
The main difference between this construction and the one in [M2] is the way we smooth the metric near the singular set. In [M2] we smoothed the metric slowly and progressively in order to have both positive Ricci curvature and Perelman's property. Namely, the metric of the main block was written as g (r) (x) , where (r) = 1/ log β r and r denotes the distance from a base point (see [M2, Sections 1.2 and 1.3] ; compare also with Section 1.2 of this paper). Roughly speaking, measures the difference between g (x) and the metric of a lemon. In the case of bounded diameter growth, the curvatures of the spherical sectors are big, and therefore the width of these sectors decreases rapidly. As a consequence the radii of the balls B r i (o i ) and the parameter (r) decrease rapidly too. If we apply the same smoothing as in [M2] , some very negative Ricci curvatures are created along the singular set. The new idea of this paper is to use the neck of Perelman not only to glue in CP 2 's but also to smooth the metric. The parameter now depends on the balls B r i (o i (o i ) and gluing in a CP 2 with a point removed, the Ricci curvature is positive.
Finally, we point out that the construction of Theorem 0.2 can be adapted to the noncollapsing case. This then gives a new, shorter, and more elegant construction than the one of [M2] .
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Construction

Main block. The metric of our manifold is given by
where dσ 2 is the standard metric of the unit 2-sphere. T , X, 1 , and 2 form an orthonormal basis corresponding to the forms dt 2 , dx 2 , dσ 2 . Let t i ≥ 2 be any increasing sequence going to infinity to be determined. We define inductively the function u(t) and sequences u i , u i , K i , ψ i , r i , o i as follows:
and
The function f (x,t) is defined for t > t 1 in Section 1.2. The metric is defined near the origin, that is, for t < t 1 , in Section 1.6. From now on, we suppose that r i is sufficiently rapidly decreasing so that the diameter growth is bounded.
Smoothing near the singular set. In this subsection, we construct the C 2 function f (t,x) in order to have both Perelman's property at the boundary of B r i (o i )
and positive Ricci curvature everywhere outside these balls.
First, we define a function f (x) as follows: Let R and be two constants such that 0 < R < 1, 0 < < 1 2 . (1.10) Let θ be a C 2 function such that θ = 1, for x ≤ 0, 0, for x ≥ 1, (1.11) and set
Extend f to π/2 ≤ x ≤ π by symmetry so that f (π − x) = f (x). We determine b, l, and δ such that f is C 1 at x = b and x = . From (1.13), (1.14), and (1.15), we find the following C 1 gluing conditions:
To solve the system, we look for a solution expandable in power series of . We first solve the two last equations. Equation (1.17) gives δ as a power series of . The last equation (1.18) gives the product lb as a power series of times a square root of : From (1.19), (1.20), and (1.21), we see that l is going to infinity when is going to zero.
The following lemma is useful in proving that the Ricci curvature of the main block is positive outside the balls B r i (o i ).
Proof. Note first that it suffices to prove (1.23), since (1.24) follows from (1.23) and the Ricatti comparison theorem. From (1.13), we have −(f ) xx /f = l 2 ≥ 1 for 0 < x < b and sufficiently small . From (1.14), we get −(f ) xx /f = (1− )/x 2 > 1 for b < x < . For < x < 1, we calculate from (1.15) that
From (1.12), (1.19), and (1.25), we see that |−(f ) xx /f − 1| is as small as we want for sufficiently small . For 1 ≤ x ≤ π/2, −(f ) xx /f = 1, which proves eventually the lemma.
The following lemma is crucial to control the principal curvatures of ∂B r i (o i ).
Proof. From Lemma 1.22 and a standard comparison argument, we get that
and for x ≤ b, (1.13) gives
Therefore, from (1.28), (1.29), and (1.30), we get that
for x ≤ and sufficiently small. For ≤ x ≤ 1, we get from (1.15) that
and thus
for sufficiently small. This proves the lemma. Remark 1.35. We see that f can be smoothed near x = b and x = to a C 2 function satisfying Lemmas 1.22 and 1.26.
We now define the function f (x,t) for t > t 1 . Let i be a decreasing sequence converging to zero to be determined. For t i + 3r i /2< t < t i+1 + r i+1 /2, we set (1.36) and for t i + r i /2 < t < t i + 3r i /2, we set
where (t) is bounded by i+1 and i . For t 1 < t < t 1 + r 1 /2, we set
(1.38)
Calculation of curvatures.
In this subsection, we prove that the Ricci curvature of the main block is positive outside the balls B r i (o i ) provided that i is sufficiently rapidly decreasing. Indeed, we assume that the sequence i is decreasing so rapidly that f t = 0 outside B r i (o i ). We then compute the curvature outside the ball B r i (o i ) as follows:
The mixed curvature is zero. From Lemma 1.22, (1.8), (1.9), and the above calculations, the Ricci curvature is then positive, provided that 1 is small enough.
Establishing Perelman's property.
In this subsection, we prove that if i is sufficiently rapidly decreasing, the intrinsic curvatures of ∂B r i (o i ) are greater than the square of the principal curvatures. This permits us to glue in a CP 2 with a point removed via a neck of Perelman. As in Section 1.3, we suppose that i is sufficiently rapidly decreasing such that f t = 0 on ∂B r i (o i ) . Note that in this case for
We denote by N the outward pointing unit vector to T ∂B r i (o i ). Let θ be given by
First, we calculate the second fundamental form of T ∂B r i (o i ):
Using the fact that the metric of the T -X-plane is locally isometric to the 2-sphere of radius 1/ √ K i for t i < t < t i + 2r i (see (1.8)), we get
II(·,·) is diagonal in the orthonormal basis 1 , 2 , and Y . The intrinsic curvatures are then calculated by (1.44), (1.45), and the Gauss equations so that .46) and
(1.47)
The mixed curvature is zero. We note that if f (x) = sin x, the metric is locally isometric to the 4-sphere of radius 1/ √ K i (see (1.8)), and therefore
Combining (1.44) and (1.48), we get
(1.49) consequently, by Lemma 1.26,
Conclusion. From (1.45), (1.46), (1.47), (1.50), and Section 1.3, we conclude that Perelman's property is satisfied, provided that i is sufficiently rapidly decreasing. (o i ) is then a ball of a singular 4-sphere with center on the singular set. Therefore, after rescaling by (1.50) with = 0, we get that r 0 = cos K i r i , (1.53)
Gluing in
(1.54) Therefore, (0.6) is satisfied if i is sufficiently rapidly decreasing and if R is smaller than some fixed constant.
Conclusion.
Combining the result of this section with the conclusion of Section 1.4, we can glue a CP 2 in at ∂B r i (o i ) via a neck of Perelman, provided that i is sufficiently rapidly decreasing and R is small enough. From (1.56), (1.57), and Lemma 1.22, the intrinsic curvatures are greater than 1/(2u 2 ) for sufficiently small 1 ; from (1.55) and (1.2), the principal curvatures are smaller than 1/(4u). For t ≤ t 1 , we then can continue the manifold via a neck of Perelman and glue the end of the neck in a ball of R 4 in order to complete the metric.
